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Abstract 

In this paper, we give a finite number of defining relations satis- 
fied by a finite number of generators for the elliptic Lie algebras and 
superalgebras qr with rank > 2. Here the i?'s denote the reduced and 
non-reduced elliptic root systems with rank > 2. We also show that if 
C is an extended affine Lie algebra (EALA) whose non-isotropic roots 
form the R, then there exists a natural homomorphism T : qr —* C, 
which also give a universal central extension (UCE) surjective map 
from [s_r,5_r] to the core of C (More precisely, we take a qr instead 
of the q r .) 

Introduction 

In 1985, K. Saito jS| introduced the notion of the (reduced and non-reduced) 
extended affine root systems. In this paper, we also call them the SEARS's. 
Let R be an SEARS. Let V := Mi? and V° := {v G V\s a (v) = vfor all a G R}, 
where s a denotes the reflection with respect to an a. Let m := dimV and 
/ := dim V — m. We say that the m is the nullity of the R and say that the I 
is the rank of the R. The R is reduced if Ma C\R= {a, —a} for all a G R. We 
notice that if m = 0, the R is a finite root system, and that if m = 1, the R 
is an affine root system. If m = 2, the R is called an elliptic root system (or 
ERS for short); see also Subsec. 1.3. (The notation V and V° is used only in 
Introduction.) 

In 1997, B. Allison, S. Azam, S. Berman, Y. Gao and A. Pianzola jAABGPj 
introduced and studied root systems defined by different axioms from those 
of the reduced SEARS's. They also studied Lie algebras C = (£, ( , ),Ti.) 
associated with their root systems. The L is called the extended affine Lie 
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algebra (EALA for short) (see jAABUPp . In 2002, S. Azam showed that 
there exists a natural one-to-one correspondence between their root systems 
and the reduced SEARS's. 

Let R be an ERS. Let n : V — > V/V° be a natural projective map. The R 
is called simply-laced if I > 2 and 7r(i£) is a simply-laced finite root system. 
In 2000, K. Saito and D. Yoshii |SYj studied a Lie algebra Qr whose non- 
isotropic roots form a simply-laced ERS R, showed that the Qr is isomorphic 
to the (2- variable) toroidal Lie algebra MKV) of type ADE, and gave a Serre- 
type theorem for the Qr (see also the next paragraph). We also notice the 
results in jMiT] . jMi2] . [Tj for the q r with the H{R) of type A. 

In this paper, for every ERS R with / > 2, we give a Serre-type theorem 
for a Lie algebra or superalgebra Qr having the property that the system 
formed by its non-isotropic roots is isomorphic to the R (see Theorems 12.11 
and 16. 2|) ; in other words, we give a finite number of defining relations of the 
Qr satisfied by Chevalley generators. The Qr is not a Lie algebra but a Lie 
superalgebra if and only if the R is not reduced. (In the text, the Qr shall 
be denoted as the Qz>.) We call them the elliptic Lie (super) algebra. If R is 
simply-laced, our Serre-type theorem ( Theorem 16. 2j) coincides with K. Saito 
and D. Yoshii's Serre-type theorem |SYj . 

Let R be an ERS. If there exists a one dimensional subspace Gr of V° such 
that Gr fl ZR 7^ {0} and the 7i(R) is a reduced affine root system, where 
7r : V — > V/Gr is the natural projection, then we call the R the reduced 
marked ERS. (More precisely, in the text, we call the pair (R, G) the reduced 
marked ERS (see Subsec. 1.3), where G = Gr + a/ - IGr.) If the R is a 
reduced marked ERS with I > 2, then the Serre-type theorem for the Qr has 
already been given by the author |Ya2j in 2004. 

In the process of giving the Serre-type theorem, we also give a Saito-type 
classification theorem of all the ERS's R with I > 2 (see Theorems 11.21 and 
12. 2|) . To prove the classification theorem, we use K. Saito's classification 
theorem [Hj of the reduced marked ERS's, and use the Qr to show that each 
R in the classification theorem really exists. 

We also give universality theorems of the Qr with I > 2. (see Theo- 
rems EHHEI21 an d EH)- Especially, we see that if R is a reduced ERS with / > 2 
and if there exists a basis {5, a} of V° such that (a + V°)ri-R = a + Z5+Za for 
every a G R, then the D^g^) := [qr, Qr] is isomorphic to the universal cen- 
tral extension (UCE for short) of the Lie algebra (g> C[tf l ,tf l ], where the 
fft is a finite dimensional simple Lie algebra whose root system is isomorphic 
to the 7t(R), i,e., the D 1 (g/j) is a (2- variable) toroidal Lie algebra in the sense 
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of |MRY| (see Corollary 15. 2j) . We also treat the quantum tori elliptic Lie al- 
gebras studied in |BGKj (see Subsec. 5.2). We show that if an (£, ( , ),TC) is 
an EALA whose non-isotropic roots form an ERS R with Z > 2, there exists 
a natural homomorphism T : qr — > C (More precisely, we take a Qr = Qd 
instead of the Qr). It turns out that the -^d 1 ^) : D 1 (0ii) ^ r (D 1 (fli?)) is 
a UCE, and the image ^(D^g^)) is the core of the (£, ( , ),7i) (see Corol- 
lary ED (see jAABGPl Chap. I Definition 2.20] for the term). 

This paper is organized as follows. Notice that we always assume I > 2. 
In §1, we discuss the ERS's R = R(k,g). In §2 we give a definition of 
the elliptic Lie algebras and superalgebras Qr = Qt> and give Theorem 12.11 
which state a root space decomposition of the Qr, and Theorem 12.21 which 
give a Saito-type classification of all the ERS's R with I > 2. In §3, we 
give a proof of Theorem 12.11 after supposing Lemma 12.11 In §4, we give a 
proof of Lemma 12.11 In §5, we give Theorem 15.11 which states that the Qr 
is the maximal ones among the Lie (super) algebras having the root space 
R and satisfying some additional conditions, and give Theorem 15.41 which 
is a UCE theorem of the D 1 (g^). In §6, we give Theorem 16.21 which is a 
natural extension of K. Saito and D. Yoshii's Serre-type theorem |SYj of the 
simply-laced elliptic Lie algebras. 



1 Preliminary 

1.1 Pre-elliptic base system 

In this paper, we set Z + := {r G Z|r > 0}, i.e., Z + = {0} U N. We also set 
Z_ := {r G Z|r < 0}. 

Let I be a fixed positive integer. Through out this paper, we assume 
I > 2. Let S be an I + 4-dimensional C-vector space. Let J : £ x £ — > C be 
a non-degenerate symmetric bilinear form. Let £ x := {x G £\J(x,x) ^ 0}. 
If x G £ x , we call x a non-isotropic element, let a; v := and define 

s x G GL(£) by s x (y) = y — J{x v ,y)x. Let {a , ...,a h A s , a, A a } be a basis 
of £ satisfying the following. 

(Bl) The (Z + 1) x (/ + l)-matrix A := {J{ol{ , «j))o<ij<z is an affine type 
generalized Cartan matrix jKl], jK2j. Then the A is called a{ 1} (I > 2), b[ 1} 
(/ > 3), C, (1) (Z > 2), Dj 1 ) (Z > 4), E[ x) (Z = 6, 7. 8), F« (Z = 4), G« (Z = 2), 
Ag } (Z > 2), Ag^ (Z > 3), Dg\ (Z > 2), E^ 2) (Z = 4) or Df (Z = 2). (See 
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|K2l Tables 1-4] and jEU §4.8 TABLE Aff 1,2,3].) (The A is neither nor 
A 2 since I > 2.) The numbering of the elements ao, . . . , a.\ of II is the same 
as in HH §4.8 TABLE Aff 1, 2, 3]. 

(B2) J(A 5 , A s ) = 0, J(a, on) = 0, J(a, A s ) = 0, J(a, a) = 0, J(A a , a,) = 0, 
J(A a , a) = 1 and J(A a ,A a ) = and 

(1.1) J(A s ,ai) = -6 i0 , 

(2) 

where r = 2 if A = A 2l , and, otherwise, r = 1. 

Let II := {ao, . . . , a{\. Let W be the subgroup of GL(£) generated by s a 
(a G II), i.e., W is the affine Weyl group. 

For a subset S of II, let Ws be the subgroup of W generated by s a (a G S). 
Let Z(u>) be the length of w G W with respect to s a (a G IT). 

Lemma 1.1. Lei a, /3 G II and w £ W be such that w(a) = j3 and l(w) > 0. 
Then there exists a 7 G II \ {a} and a w' G W{ a)7 } snc/i £/ia£ n/(a) G {0,7} 
andl{w') + l(w(w')- 1 ) = l(w). 

This can be proved by a well-known argument (see PJ Proof of Proposi- 
tion 8.20]). 

A function / : II — » C is called W -invariant if f(a) = f{(3) for every 
(a, f3) G II x LT with (3 = w(a) for some w G W. By Lemma fl.l| we see the 
following. 

Lemma 1.2. Keep the notation as above. A function f : LT — > C is W- 

invariant if and only if f(a) = f(/3) for every (a,f3) G 11x11 with J(a y ,(3) = 
J{a,(F) = -1. 

Let k : II — * N be a IV-invariant function such that G.C.D.{fc(a)|a G 
11} = 1. Let g : LT — > 2 Z be a P^-invariant function, where 2 Z is the power set 
of Z, i.e., the set of the subsets of Z. We call a quintuple £~> = T>{£, II, a, fc, <?) 
of such £, LT, a, k and g a pre-elliptic base system (PEBS for short). If 
g(a) = for every a, the g is also denoted by 0. 

For x G £ and a subset B of C, let Bx := {6x G £|& G B}; moreover, 
for a subset X of £, let BX := J2 x <=x B ls an em Pty se t then 

-BX = 0.) For subsets S and T of £, let 5 + T := {x + y G £|x G 5, u G T}; 
if T = {x}, let x + S := T + S. (If 5 = 0, S + T = 0.) 
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Let V be a PEBS. Let 

(1.2) R(k,g): = \J w(\J ({a + Zk{a)a) U (2a + g(a)k(a)a)f) . 

Then 

(1.3) R(k, g) C ((Z+n + Zo) U (Z_n + Za)) \ Zo. 

Lemma 1.3. /Teep the notation as above. Let S be a subset of II. Let 
A G (ZS') fl £ x . T/ien there exists a w G swc/i t/iat 

w(A) G ( |J Za) U (ZS \ (Z+S U Z_S)) . 

Proof. By the definition of II in (Bl), there exists an e G C \ {0} such 
that eJ(ai,atj) G R (0 < i, j < I), and eJ(ai,ai) > (0 < i < I). Then the 
symmetric bilinear form (eJ)|RnxMi : MLU x RLT — > R is semipositive definite. 
For fi = J2 aeU b a a G Mil with b a G R, let ht(^) := ^ agn 6 a G R. 

Let A be as in the statement. We may assume A G (Z + S U Z_S) \ {0}. 
Moreover we may assume A G Z+S. We use an induction on ht(X) G N. If 
ht(X) = 1, then A G S. We assume ht(X) > 1. We may assume A ^ Na 
for any a G S. Since A G £ x , e J(A, A) > 0. Hence there there exists 
an a G S such that eJ(A, a) > 0. Notice that s a (X) = X — ~^~^y Q!- If 
s a (A) ^ ZS \ (Z+S U Z_S), then s a (A) G Z+S and ht(s a (X)) < ht{X). This 
completes the proof. □ 

For a subset S of LT, let 

R(k, g) s := R(k, g) n ((© Q6S Ca) © Ca). 
Lemma 1.4. i^eep £/ie notation as above. Then 

R(k,g) s = [j w([j ((a + Zfc(a)a) U (2a + # a)) Y 

In particular, for a G II, we /jcroe 

R(k,g)^ a y= y ((ea + Z£;(a)a) U (2ea + g(a)A;(a)a). 

ee{l,-l} 

Proof. If |S| = 1, then the lemma follows immediately from the definition. 
From this, together with (jl.3|) and Lemma 11.31 the lemma for a general S 
follows; notice that w(a) = a for all it) G W-V □ 
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1.2 Elliptic and quasi-elliptic base systems 

Here we introduce the notions of an elliptic base system (EBS for short) and 
a quasi-elliptic base system (QEBS for short). In Theorem 12 .21 we shall show 
that these notions are equivalent. In Theorem 11.21 we shall show how the 
EBS's are associated with the elliptic root systems. 
Let V be an PEBS with I > 2. For a G IT, let 

U e (a) := {(3 G n|/3 ^ a, J(J3,a)?0}. 

Define a subset II s of II by 

IE 5 := {a G II|V/3 G II c (a), J(a v ,/3) = -2}. 

We call T> an an quasi elliptic base system (QEBS for short) if the following 
hold. 

(KG1) If a G II, (3 G n c (a) and J(/? v ,a) = -1, then §| G Z and 
J(a v ,/5)ggGZ. 

(KG2) (y(a) = if a £ IF 3 . 

(KG3) If a G II B and (3 G n c (a), then c/(a)|[g = 0, Z, 2Z or 2Z + 1. 

We call a PEBS T> an elliptic base system (EBS for short) if the following 
holds. 

VaeR(k,g), s a (R(k,g)) = R(k,g). 

Lemma 1.5. Let T> a PEBS with I > 2. If V is an EBS, then it is also a 
QEBS. 

Proof. The axiom (KG1) follows from Lemma fl .41 and the following (c/. 
Proof of (6.1) Assertion]). 

S a S a+ mk(a)a(P) = j3 + ITlJ (« V , j3)k(a)a, 

spS/3+mk(i3)a(oi) = oi + mk{(3)a 
for m G Z. 

If /? G n c (a), then Z 9 J((2a) v ,/3) = ^^1. Hence, if g{a) ± 0, then 
a G n s , which implies the axiom (KG2). 

Let a G H 8 . Assume g(a) ^ 0. Let n G Z be such that 2a + nk(a)a G 
R(k,g). Then 

Sa s a±&(a)a(2ai + nfc(a)a) = 2a + (n =F 4)fc(a)a 
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and 

•s a S2cH-nfc(a)a(2a + nk(a)a) = 2a — nk(a)a . 
Hence g(a) = Z, 2Z, 2Z + 1, 4Z or 4Z + 2. Let /3 G n c (a). Then 

s /3 s /3+mfc(/3)a(2a + nfc(a)a) = 2a + (nk(a) — 2mk(/3))a 

Hence g(a) = Z, 2Z or 2Z + 1 if k((3) = k(a). Moreover 

s a s 2a +nk(a)a(P + mk(fl)a) = (3 + (mk((3) - nk(a))a . 

Hence g(a) = 2Z, 4Z or 4Z + 2 if k{(3) = 2k(a). This implies the axiom 
(KG3) and completes the proof. □ 

Converse of Lemma 11.51 shall be given in Theorem 12.21 
If T>(£, n, a, k, 0) is a QEBS, i.e., g = 0, then it is called a special QEBS 
(SQEBS for short). 

1.3 Elliptic root systems 

Keep the notation in §1. Notice that I > 2. For a subset S of £ , let 
S 1 - := {x G £\Vy G S, J(x,y) = 0}. Following |S] (and [3Y]), we say 
that a subset R of £ is an elliptic root system (ERS for short) of rank I if it 
satisfies the following. 

(SER1) Var, G RR, J{x, x)J(y, y) G R+, 

(SER2) dim c (CR n i? 1 ) = 2, 

(SER3) dim c Ci? = I + 2 = rank^Zi?, 

(SER4) Va G R, s a (R) = R, 

(SER5) Va, V/3 G J(a v ,/3) G Z, 

(SER6) If = Ri U # 2) #2 C (i?i) ± , then ifc ^ or R 2 ^ 0, 

where R + = {x G M|x > 0}. 

Let R be an ERS. We call the £ for the R the base space. A one dimen- 
sional subspace G of Ci? D R x is called a marking line if G fl 7LR ^ {0}. 
The pair (R, G) of the above R and G is called a marked elliptic root system 
(MERS for short). An MERS {R,G) is called a reduced marked elliptic root 
system (RMERS for short) if 

(1.4) Va, V/5 G R, 2a-p£G. 

By jS], we have the following. 
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Theorem 1.1 ((6.4) of [SJ). If (R,G) be an RMERS, then there exists 
an SQEBS T>(£, II, a, k, 0) such that R = R(k, 0), G = Ca and £ is the base 
space ofR. IfV(S, II, a, k, 0) is an SQEBS, then (R(k, 0), Ca) is an RMERS; 
in particular, T>(£, II, a, k, 0) is an EBS. 

In jSj , we do not need the assumption I > 2 for Theorem 11.11 

Theorem 1.2. (1) IfV is an EBS, then (R(k,g),Ca) is an MERS. 

(2) let (R, G) be an MERS. Then there exists an EBS T> such that R = 
R(k,g), G = Ca and £ is the base space of R. 

Proof. The statement (1) is clear. We prove the statement (2). Let 

rv 

R' := {a G R\- <£ R + G}. 
Let R" :=R\ R' . We have 

(1.5) i#' C R! + G 

because, if a e R" is such that f £ (R' + G), then f e R + G and J(a v , f ) = 
| ^ Z, contradiction. 
We show 

(1.6) Zi?' = Zi2. 

Clearly Zi? C ZR holds. Let /5 G R". By (fT3jl . /3 = 2a + x for some a e R' 
and some x E G. Notice that 

(1.7) V7 G -R, <7 7 (#) = i?' and <r 7 (i2") = R" . 

It follows that R' 3 a a ap{a) = cr a (a — (3) = —a — {(3 — Aa) = 3a — (3 = a — x. 
Hence x G 7LR! . Hence TLR C Zi?', as desired. 

By (jl.6|) . we see that the (i?', G) is an RMERS whose base space is £. By 
Theorem II. l\ there exists an SQEBS T>(£ , H, a, k, 0) such that R(k,0) = R' 
and G = Ca. It follows from Lemma f 1.41 that 

(1.8) (a + G) n R = (a + G) n R' = (a + G) n R(k, 0) = a + 7Lk{a)a 
for a G n. To complete the proof, it suffices to show that 

Va G n, R" n (2a + G) C 2a + ZA;(a)a . 

Let (3 G -R" fl (2a + G). Let x := f3 — 2a. Then <7 a <7^(a) = 3a — (3 = a — x. 
By (jl.8|) . we have £ G Zfc(a)a, as desired. □ 



8 



2 Elliptic Lie algebras and superalgebras 

2.1 Definition with generators and relations 

Let Dbea QEBS with I > 2. For a G IT, let 

2 if g(a) = Z or 2Z + 1, 



c(a)-=( 2 if ^ = Z 
[1 otherwise, 



and let 

a* := c(a)a + fc(a)a G £. 

For a G g), let 

f 1 if 2a 
y ' \ otherwise. 

Let 

i:={(a,ftt/)6nxnxN|«^, J(a, = -1, = k((3)}. 

For a subset T of the £, let — T := {-t G £|t G T}. Let n* := G n} 

and i3+ := nun*. Let 

B := B+ U -£+. 

Let (Bx#)' := G Bx B\fi ^ v, fi + u ^ 0}. For G (BxB)', let 



l-J(/i v ,z/) if J(/i v ,z/) < 0, 
if J(/i v ,z/) > 0. 



Keep the notation as above. Let Qt> = dv(£,n, a ,k, g ) be the Lie superalgebra 
defined by generators 

(2.1) K(aeS),E ll (iieB) 
with parities 

(2.2) p(h a ) = 0, piEj = p(fi) 
and the following defining relations. 

(SRI) xh a + yh T = h xa+yT if x, y G C and a, r G £, 



(SR2) [h a , h T ] = if a, r E £, 

(SR3) [her, E^] = J(a, if a E £ and fi E B, 

(SR4) [E ll ,E. ll ] = V if//e£ + , 

(SR5) (ad^) 3 ^"^ = if (//, !/)e(Bx B)', 

(SR6) c(a) (ad£ Q * )vEp = {&&E a )< a ^E p * if (a, (3, y) E A, 

(SR7) (-l) c ^ +1 c(a)(adE_ Q *)^~/3 = (ad^)^^. if (a, [3, y) E 



(SR8) (adE a ) i (adE a ,) ?/ ~^/3 = if {a, (3, y) E A and 1 < % < y - 1, 
(SR9) (ad£_ Q ) i (ad£_ a *) y ~*£-/3 = if (a, Ay) e ^ and 1 < z < 



We call the gx> the elliptic Lie (super) algebra. In Introduction, the g© 
is also denoted as Qr, where R = R{k,g). For \i E £, let gx> )At := {X 6 
&T>\yh a , [her,X] = J(a,fj J )X}. Define the sub Lie superalgebra f)© of g© by 
f)© := {ha E 8v,oW e £}• 

Lemma 2.1. i^eep t/ie notation as above. Then h a ^ /or a 6 £ \ {0}. In 
particular, dim f)x> = Z + 4. 

Proof of the lemma shall be given in Subsec. 4.2. 
2.2 Main theorem 



We see that there exists a unique 5 E Z + U such that Z5 = {X E 7H\J(X, A) = 
0}. By fOl). we have J(A 5 , tf) = 1. 
Let Z 2 >' :=Z 2 \{(0,0)}. 

Theorem 2.1. Lei £> = V(£,U,a,k,g) be a QEBS with I > 2. Then we 



Moreover \)d = Qv,o, and dimgx> ja = 1 for all a E R{k,g). 
Proof of the theorem shall be given in Subsec. 3.2. 

From now until the end of Subsec. 2.2, we suppose that we have proved 
Theorem |2~T1 Let v E R{k, g). Let E' ±v E Qv,±u be such that [E' u , E'_ v ] = h v v. 



A 



y-i. 



have 




v£R(k,g) (m,n)eZ 2 '' 
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By Theorem 12.11 E' ±u are locally nilpotent since \J(cr + ru, a + ru))\ — > +00 
as r — > +00, where cr G £. Hence we can define n u = tie> G Aut(flu) by 
(2.3) 

exp ad£y exp ad(— E'_ u ) exp ad-E^ if p(y) = 0, 

exp(iad[K, exp(±ad[£^, E'_ u \) exp(iad[^, E' v \) if p(u) = 1. 



n 



Theorem 2.2. Let X? tea P£5S with l>2. Then V is an EBS if and only 
if it is a QEBS. 

Proof. The 'only-if '-part follows from Lemma 11.51 Here we prove the 
'if'-part. Recall n u {y G R(k,g)) from (|2.Hj) . Notice that n v (gx>,x) = 0x>,«„(A)- 
Then, by Theorem 12 .H we see that Z> is an EBS. □ 



3 Proof of Theorem EH 

In this section, we suppose that we have proved Lemma 12. II 
3.1 Rank one and two subsystems 

Let S be a finite subset of R(k,g). Assume that the elements of the S are 
linearly independent and that the square matrix A s := (J(a v , P)) a ,pes is an 
affine type generalized Cartan matrix in the sense of |KH §4.8]. Then we call 
the S the affine type subset of R(k,g). Let EW$ be the subgroup of GL(£) 
generated by s M (// e S). Let S' ' 1 ' 1 := {a G S^a) = 1} and let 

R(k,g) S := |J «,( |J WlJ |J {a,2a}). 

uie-BWg QeS\s odd ae5° dd 

Then we see that R(k, g) is the affine type (real) root system with the base 
S; R(k,g) s is reduced if and only if 5 odd = 0. For the pair (A s , S odd ) of 
the above As and S odd , we define the Dynkin diagram T(As, S odd ) in the 
same manner as in jK2j . If T(As, S odd ) is called X in the tables |K2l Tables 
1-4], we say that the name of S is X. The following two lemmas follow from 
(KG1-3), Lemma fl .41 and the well-known fact |Mal Appendixes 1-2]. 

Lemma 3.1. Let V be a QEBS with I > 2. Let a G n. Then {a, -a*} 
is an affine type subset of R(k,g), and we have R(k,g)r a x = R{k,g)^ a ~ a K 
Moreover, letting X be the name of the {a, —a*}, we have one of the following 
cases. 
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^2(«) = 0,X = A« 

(ii) g{a) = 2Z + 1, X = A< 2) . 
(Hi) g(a) = Z, X = B«(0, 1). 

(iv) g(a) = 2Z, X = C^(2). 

( v ) g( a ) = 4Z + 2, X = A( 4 )(0, 2), p(a) = 0. 

(vi) g( a ) = 4Z, X = AW (0, 2), p(ar) = 1 . 

Lemma 3.2. Let D be a QEBS with I > 2. Let a, (3 E II be such that 
J(a,/3 V ) = —1. T/ien <?(/?) = and there exists a unique 7 G R(k, g)^ a ^ H 
(—a + Z_II) suc/i £/ia£ {a,/3,7} zs an affine type subset of the R(k, g), a ^ 

Moreover we have R(k, g^ 01 ' 13 '^ = R(k, g)r m ■ Furthermore, letting Y be 

the name of the {a, (3, 7} and letting Jkg : = {J(a v , /3), g{a)}, we have 
one of the following cases. 



(i) 



(i) Jkg = {-1, 1, 0}, 7 = s a {-(3*), Y = A?. 
(11) Jkg = {-2, 1, 0}, 7 = Y = 

(it*; JA# = {-3, 1, 0}, 7 = Sf,s a (-I3*), Y = G 
H J% = {-2,2,0} ; 7 = S/9 (-a*), Y = D? } . 
^ J% = {-3,3,0}, 7 = s a s^(-a*), Y = Df. 
^ J% = {-2, 1, 2Z + 1}, 7 = s p (-a m ), Y = Af. 
(w«; J% = {-2,1,Z}, 7 = Sf) {-a*), Y = B«(0,2). 
(viii) Jkg = {-2,1,2Z}, 7 = s a (-/?*), Y = A( 2 )(0,3). 
(fa; JA# = {-2,2,2Z}, 7 = s j9 (-a*), Y = C (2) (3). 
(x) Jkg = {-2,2,4Z + 2}, 7 = s p (-a*), Y = A( 4 )(0,4). 
fa) JA# = {-2,2,4Z}, 7 = s p (-ol% Y = A^ (0,4). 



3.2 Embedded rank two affine (super)algebras 

Let V be a QEBS with I > 2. Let /x, u E B + be such that J(/i v , z/) = — 1. 
Then we have 

,a i\ / n ^E^(E ±l/ ) = Tx ±1 [E± ll ,E± u } 1 

{6 } I n^(£ ±M ) = (±x)^^ v ^ F7 ^(ad J E; ± ,)-^ v ^ J E; ± , 

for x G C\ {0} (see Q ). 

From now until the end of the paper, we assume that for every E B, 
always denotes rig G Aut(gx>) and we let X ~ V mean that there exists a 
z G C \ {0} such that X = zY . 
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Lemma 3.3. Keep the notation as in Lemma \3. ifl Let T := {a, (3, 7}. As- 
sume^ = s ui ■ ■ -s Ur (—fi*) to be the same expression as in Lemma X3J\ (i)-(xi). 
Set 

(3.2) E ±1 := {±lf^n Vl ■ ■ -n Vr {E^). 

Then we have 



(3.3) 



{aAE± ti ) x - J WrtE± v = if/i,i/eT with \i±v, 
[E^ E_ v ] = S^h^v if n, v G T. 



Proof. If the name of T is neither A4 nor B«(0,2), the equalities Q 
is proved in a similar way to [Ya2, §2.3]. We assume that the name of T is 
A 4 2 ^ or B(0, 2)W. It is clear that [E^,E_^\ = /i s „(_( a *)V) = /i 7 v. We have 

£ 7 = np(E^ a *) ~ [E^, £7_ a .]] ~ [£L a , [£_ a , 

It is clear that [Ely, = 0. We have 

[i? 7 , £L a ] ~ [[E-/3, •£'-«], [•£'-a, [•£'-a, ^-/3*]]] 
~ [[E„ p ,E_ a ),[E_p,E_ a *]} 
~ ^([£U, [£_£,£_„»]]) 

Similarly we have [£L 7 , Ep] = and [£7_ 7 , E a ] = 0. Since the E\ (A G 
T U — T) are locally nilpotent, we have all the equalities in (|3.3|) . □ 

For a subset S of II, let gf, be the sub Lie superalgebra of generated by 
h a [o G £) and E^, E^*, E_^* (jjl G S). For u E E, let g^ := g^ng^. 
Let 7715 := min{A;(a:)|a: G S 1 }. 

Lemma 3.4. Let T> be a QEBS with I > 2. Let S be a subset ofU such that 
\S\ = 1 or 2. Then we have 

(3.4) S £ = tee( © 0©( d, nms .)- 

\<=R(k,g) s neZ\{0} 

Moreover we have dimg|, A = 1 for A G R(k,g)s- Furthermore 

(3.5) £ 

= 0D ,nmsa ,nm$a 

if S = {a, j3}. 
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Proof. We first assume \S\ = 1 and S = {a}. Recall the afflne subset 
U := {a,— a*} from Lemma 13.11 It follows from Lemma 12.11 that E± p ^ 
for /i G U, since [E^, E-^] = ^ 0. Since E± fl (// G U) satisfy the Serre 
relations (see (SR5)), the lemma follows from the well-known argument in 
the proof of |K11 Corollary 5.12] (see also |K2[ Proposition 1.6]). 

Assume \S\ = 2, and S = {a, ft}. If J(/5 v ,a) = 0, the lemma follows 
from the same argument as above. Assume J(/? v ,a) = —1. Recall 7 and 
E± 1 from Lemma 1331 especially recall (|3.2jl . Let T := {a, /3,7}. Notice 
that E ±1 G fl^. Let g£P be the sub Lie superalgebra of gf, generated by 
\) V and E ±UJ (u G T). Then £ ±M * = n^ 1 ■ --n^E^ G g^ } . Let p G {a,/?} 
be such that p 7^ fi. By (SR6-7) and by (j3.1|) . we have n fJi E± p * = n ll *E± p . 
Hence = n~ 1 n /1 *E± p G g|f. Hence g£P = gf,. By Lemma EPl E 1 -^ 

(00 G T) satisfy the Serre relations (|3.3|) . Using the well-known argument in 
the proof of |K1| Corollary 5.12] again, we have (|3.4j) for the S. The equal- 
ity (|3.5|) follows from the fact that gf, is generated by 0^ (A G R(k, g){ a y) 
and q£1 (v G R(k,g){f3y) (See also Lemma rOJ) . This completes the proof. □ 

Keep the notation as above. Let S be a subset of n. Let ED$ '■ = 
TiS + 'Lmsa. Define the subsets ED$,+ and EDg- of the ED$ by EDs,± ■ = 
{1>±S + r Lmsa) \ l^msa. Define the sub Lie superalgebras tt^' + , n^'~ t^,' + and 
l§~ of the g£ by 

\&ED Sy± 

and 

rS,± ._ /T\ s 

T> -~ VX7 VV,nm B a- 
nSZ±\{0} 

Lemma 3.5. Le£ S be a subset ofU. Then the following hold. 
(1) | = 4' + © l£ + © © [§~ © rvg" ■ 

(^) T7ie n§ + zs generated by with a <E S . The is generated by 

aj^' with a G S . 

/«) r 5,+ _ rW>+ rS 1 ,- _ rW>- 

^ dimg£ A = 1 for A G R(k,g) {a} if a G n . 

Proof. If 1 5 1 = 1 or 2, the lemma follows from Lemma 13.41 Assume 
l^l > 3. Notice that the gf, is generated by ()£> and n^' + , n^' with 7 £ S. 
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Assume a, (3 E S with a ^ (3. Notice that 



(3.6) (Z±a + Z T (3 + Za) nR(k,g) s = 0. 

From Lemma 13.41 and (|3.6|) when J(a v ,/5) ^ 0, or from the defining rela- 
tions (SR1-9) when J(a v ,/3) = 0, it follows that [n£* },+ , njf }, ~] = {0} and 
[ilzf^, + ] C r4f . Then the lemma follows from this fact and 
Lemmas 12.11 and 13.41 □ 

Proof of Theorem \2.1\ The theorem follows from Lemmas 11.31 11.41 and 
13.51 and from the existence of the n 7 's with 7 G II. □ 



4 Proof of Lemma 12.11 

4.1 Contragredient Lie superalgebra 

Here we first recall the definition of the contragredient Lie superalgebras |K2j . 
Let I be a finite set. Let J odd be a subset of I. Define a map p : I — > {0, 1} 
by p{i) = 1 (i E J odd )_and p(j) = (j E I\I odd ). Let A := (oy)^ be 
an I x I matrix. Let ft be the 2 1/| -dimensional C- vector space. Let $)* be 
the dual space of fj. Let {oti, ji (i 6 /)} be a basis of f). Let {hi, U (i E I)} 
be a basis of f)*. We assume that 6ti(hj) = ciji, ai(tj) = Ji(hj) = 5ji and 
yitj) = 0. Let A := {on (i E I)}. Let ll v := {hi (i E_I)}. For the datum 
V : = (AJJ odd ,Tl,Tl v ), we define a Lie superalgebra := &(AJ odd ) by 
generators 

%, ? t , E[, Fl (i E I) 

with parities 

pCK) = pit',) = 0, p(E[) = p(F[) = p(i) 
and defining relations 

K~hj] = = R,t}] = o, 

% Ej] = a ZJ E>, [?., E' 3 ] = 5 l3 E> , % Fj] = -a,,!-) , [?., Fj] = -^Fj, 

Let ^' be the sub Lie superalgebra of &^ generated by h'^i'^ Let r be the ideal 
of which is maximal among the ones r' such that t'flij' = {0}. We denote 
by <3© = <8(A,I odd ) the quotient Lie superalgebra <Sf,/t. In this paper, we 
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call the (Sj, the contragredient Lie superalgebra. Let 7f : <3'^ — > (J5j, be a 
natural projective map. Notice that dim7f(fj') = 2|7|. By abuse of notation, 
we shall also denote nffi), fc(h'i) and vr(t^) by f), 7j and tj, respectively. We 
shall also denote tt(-Ej') and 7f(F/) by ^ and Fj, respectively. 

Keep the notation as above. Let 7 pos := {i G 7|a^ 7^ 0}. Let 7 nu11 : = 
7\ 7 pos . Define the square matrix A pos by A pos := (aij)j je / P os. We say that 
T) is a handy datum if the following hold. 

(HD1) If i G 7 pos ,_then = 2. 

(HD2) If i, j G 7 pos with i 7^ j and < \dij\ < \dij\, then (0^,0^) is 
(0,0), (-1,-1), (-1,-2) or (-1,-3). 

(HD3) If i, j G J nuU with % ^ j, then (a„, a^) = (0, 0) or (2, 2). 

(HD4) If i G 7 pos and j G i" nuU , then (a^a^) = (0,0), (-1,-1) or 
(-1,-2). 

(HD5) If i G J pos and j G J nu11 , then (0^,0^) = (-1, -1) if and only if 
there exists an r G 7 nu11 \ {j} such that a ir 7^ and a jr 7^ 0. 
(HD6) 7 nu11 C 7 odd . 

(HD7) If % G 7 pos n 7° dd and j G 7 nu11 , then (a ij: a^) = (0, 0). 
(HD8) If i G 7 pos n 7 odd , j G 7 pos \ {i} and a„ 7^ 0, then j £ 7 odd and 
(a&aji) = (-2,-1). 

(HD9) If i G J nu11 , then there exists a unique j G J nu11 such that i ^ j and 
7^ 0. 

(HD10) There exist e { G C \ {0} (i G I) such that D -1 ^! is a symmetric 
matrix, where D is the diagonal matrix (6^). 

Assume 3 to be a handy datum. Then there exists a nondegenerate 
symmetric bilinear form J : ff x ff — > C such that J(aj,afj) = e" 1 ^, 
J(7i, oij) = e^Sij, J(7i,7j) = For er G let ft,^) G ^ be such that 
r(h( a )) = J(r, <j) for all tg|*. Then 7j = eji^) and ij = eji^y 

Lemma 4.1. Let S) fre a handy datum. Then the following hold for <S(A, 7 odd ). 
(1 ) (adEiY-^Ej = fori a 7 pos and j G 7 \ {«}. 

(%) [Ei,Ej] = z/ a«j = 0. In particular it follows that if an = 0, then 
[Ei, Ei] = and (&dEi) 2 X = for any homogeneous element X of <3. 

( 3) [Ej, [[Ei, Ej], E m }} = if ajj = and -a^ = a jm 7^ 0. 

(4) [[Ei,Ej],E r ] = [[Ei,E r ],Ej] if an = 2, a^ = a rr = 0, a^ = a^ = 

(5) The same formulas as (l)-(4) with TVs in place of E^s hold. 
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(6) There exists a super- symmetric invariant form J : 125 x (55 — > C such 
that J(h^,h^) = J(a,r) and J(Ei,Fj) = 5^. (By abuse of notation, we 
use the same symbol J for the bilinear forms on (J5 and ff .) 

This can be checked directly (see also [Yalt Proposition 6.7.1]). 

Let Sbea handy datum. Let C[t, be the Laurent polynomial algebra. 

Let 

£(©) := <5{A, J odd ) © C[t, r 1 ] © © Cw. 

We view £(£>) as a Lie superalgebra in the following way. The parity of X©t n 
is the same as the one of X for a homogeneous element X of <8(A, J odd ); the 
parities of v and u> are 0. The Lie super bracket of £(25) is given by 

[X © t m + ait) + feiiy, y © t n + a 2 v + 6 2 ^] 

= [x, y] © t m+n + m5 m+nj0 J(x, y) v + fe^y © r - b 2 mx © t m 

for homogeneous elements X, Y of <&(A, I odd ). We shall also denote by J the 
invariant form on £(25) defined by 

J(X © t m + aiu + Y®t n + a 2 v + b 2 w) = 5 m+ni0 J(X, Y) + a x b 2 + 6ia 2 . 
4.2 Unfolding 

Let V be a QEBS with Z > 2. We define a map fc v : n -> {1, 2, 3, 4} by the 
following. 

(KV1) If J(/9 v ,a) = -1 and #(a) = or Z, then k v (a) = g§A; v (/3). 
(KV2) If J(a v ,/3) = -2, jfe(a) = 2Jfe(/3) and #(a) = 2Z, then A; v (a) = 
2fc v C9). 

(KV3) If J(a v ,/?) = -2, jfe(a) = fc(/3) and g(a) = 2Z + 1 or 2Z, then 
fc v («) = k v {!3) = 2. 

(KV4) If J(a v ,P) = -2 and </(a) = 4Z or 4Z + 2, then k v (a) = 3 and 
k\/3) = 2. 

(KV5) k y (a) = Ak v (/3) if and only if 4Jfe(a) = &(/?). 

For the above £>, we define a handy datum 35d = (Ad, Id, I% dd , 5©, 5^) 
in the following way. Let 

J c : = {(«, a;) G LI x {1, 2, 3, 4}|1 < x < k y (a)}. 
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We define a square matrix = (a( Q , x ),(/3 )3/ )) ( a ,x),(/3,y)ei-D m ^ ne following way. 
(AD1) If J(a v ,/3) = 0, then a (a/xUM = 0.' 

(AD2) Let a G II. If g(a) = or Z then a^,^^) = 2o" X2/ . If (7(a) = 
2Z + 1, then a (arr ),(a, y ) = 3o" xy -l. If g(a) = 2Z, then a( ajX ) )(a)J ,) = 2-25 XJ/ . If 
= 4Z or 4Z + 2, then a( a ,i),( a ,i) = a( a ,3),(a,3) = a(a,i),(a,2) = a(a,2),(a,i) = °> 

a(a,2),(a,2) = a(a,l),(a,3) = 0(a,3),(a,l) = 2 > «(a,2),(a,3) = ~ 1 an d a(a,3),(a,2) = ~ 2 

(AD3) Assume J(/3 v ,a) = -1. Then 



(a(a,x),((3,y), a((3,y),(a,x)) 

( (0,0) 

(0,0) 
(-2,-1) 



:-i,-i) 

• k(a) 



if k y {a) = 4, k y {(3) = 2 and x - y <£ 2Z, 

if fc v (/3) < A; v (a) < |fc v (/3) and x ^ y, 

if 2 < fc v (a) < 3, k y {{3) = 2, a (a , x) , (a , x ) = 

and x = y, 
if g(a) = 2Z + 1 and x — y, 



. (Ffy^( aV '^' otherwise- 



Let £_ ( a jX) := F( QjX ) G (S^, and notice that the ft, (Q)X) G 0^ is not 
necessarily h^ a , x ))- 

Lemma 4.2. Let V be a QEBS with I > 2. T/ien i/iere exists a unique ho- 
momorphism Ti£, : 0d — > £(®x>) satisfying the following properties: 

(PD1) 



7TX)(-E±q) 



z/^(a) = 0, Z or 2Z ; 



fc v (a) _ 

5^ #±(a,*) 
x= l 

>/2(^±(a,i) + E± {a ,2)) ifg{oc) = 2Z + I, 
V2E ±(a , 2) ± ^[£± (a ,i), £ ±(Q ,3)] = 4Z + 2, 

k ^±(a,l) ± [- B ±(a,3),-E±(a ) 2)] if g{a) = AZ, 
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ir v (E± a *) 

t fc v (a) 

J- c H2 X -i-k^ a))E± ^ x) g t ±k (a) ifg{a) = or 2Z> 

x=l 

y/^f\M:±(a,i),E±(2, 2) ] ® t ±Y ifg(a) = 2Z+l, 

{E ±{a>1) + y/=l[E ± ( a #, £±(a,2)])® * ±J i/^(a) = 4Z + 2, 

k >/2(-B±(«,2) + ^[S±(a,l)»^±(«,3)]) g)^ 1 = 4Z ; 

w/iere £ a := exp(f^). 

(PD2) There exists a k G C\ {0} such that Jij^vih^), 7Cx>(h u )) = kJ(h, v) 
for fi, v e £ . 

(PD3) n v (h a ) = kv, n v (h Aa ) = w andir v (h As ) = J(A S , a ) Ef=i" o) *(«o,0" 
In particular, 7rx>(/i CT ) 7^ /or all a £ £. 

This can be proved directly by using Lemma f4.lt 

Proof of Lemma \2.1\ The lemma follows immediately from Lemma H~2l □ 

Keep the notation as in Lemma 14.21 We shall also denote by J the 
invariant form on q?> defined by - J. 



5 Invariant form and universal central exten- 
sion (UCE) 

5.1 Invariant form and a universal property 

Let P be a QEBS with I > 2. Following the notation in jSj, we say that T> 
is Af' 1 ' if the (I + 1) x (/ + l)-matrix A = ( J(a v , /3)) a ,/3en is A z (1) (see also 
Subsec. 1.1 for the name Aj ). Notice that if T> is Af'' 1 ^, then p(a) = and 
g(a) = for all a ell. 

Theorem 5.1. Let V be a QEBS with I > 2. Assume that V is not Af' 1 . 

Lei 0^, 6e a Lze superalgebra satisfying the following conditions. 
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-na 



) 



veR(k,g) (m,n)eZ 2 '' 



and dim g' v = 1 /or v G o) ; u>/iere g^ := [X G 0^|[/i, X] = a(h)X (h G 



(UI3) The q' v is generated by f)x> and g^, v with v G R(k,g). 
(UI4) There exists an invariant form J' on q' v such that J'(h a ,h T ) = 
J(a, r) (a, re£) and such that ker J' C Kn)eZ 2,, 0©, m5+na - 

T/ien t/iere exists an epimorphism rj : g-p — > g^, stjc/j ^(^<t) = (o~ £ £) 
and J' o (77 x 77) = J. 

Proof. Using the same argument as in the proof of |K1| Theorem 2.2], we 
can choose non-zero elements E' of $ Vp (p G g)) so that [J5' , E'_ p ] = h p v. 
By comparing (jH.lj) with the equalities in (SR6-7), we can normalize the 
elements E'^s with // G B so that they and the /i CT 's (a G 5) satisfy the 
relations (SR1-9). Then the theorem follows from Theorem 12.11 and the 
existence of the n^'s with /i G II U IT. □ 

Corollary 5.1. Let V = T>(£,H,a,k, g) be a QEBS with I > 2. Assume 
a G IT 3 to be such that g(a) = 4Z. Let V = V(£,U,a,k,g') be the QEBS 
obtained from the T> by replacing g by g' such that g'(a) = 4Z + 2 and 
g'{(3) = g{(3) ((3 7^ a). Then there exists an isomorphism £ : Qt> — ► Qv 
such that £(h a ) = h a » , £(hp) = hp ((3 ^ aj, £(/i a ) = V £(^aJ = 
and £(/iA a ) = hA a -A a , where A a G CTI © Ca is svjc/i that J(A a ,A a ) = and 
J{A a ,j) = 5 ai for^ G II. 

This can be proved easily by using Theorem 15. 11 

5.2 A Lie algebra with the quantum tori 

Here we recall a Lie algebra studied in |BGKj . Let q G C \ {0}. Let C q = 
CJs* 1 ,^ 1 ] be the C-algebra defined by generators s^ 1 , t ±x and defining 
relations ts = qst. Let M^ +1 (C g ) be the C^-algebra of the (I + 1) x (/ + 1)- 
matrices over C g . Let M m (C 9 ) := M l+1 (C q ) © Cci © Cc 2 © Cdi © Cd 2 . We 
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regard M/ +1 (C g ) as a C-Lie algebra by 



[s x H X2 E, 



s» L t y2 E„ 



••"/•'•' ••''•'(<*. a X2Vl E- -5a XlV2 E 

L \ u jmH -'-'in u mH J -'mj , 

+5 Xl+yifi 5 X2+ y 2fi q X2Vl (x 1 c 1 + x 2 c 2 ), 



ij ; " u ^mnj 
zi+J/ij. £2+2/2/ 



[cj, s t ' E mn ^ 0, [c?j, s t E mn ^ XiS t E mn 

and 

[ci,Cj\ = [ci,dj) = [di,dj) = 0. 
We define a symmetric invariant form J q on M; + i(C 9 ) by 

J (eXi+X2 J?. . ^yifV2j? \ = ft x n a X2Vl 

°q\° — ^3 5 J -'mn) u x\-\-y\f) u X2 J ry2jJH i 

j.^'ri-:, ,.<;) = j q (s x n X2 E i3) di) = o, 

Jqifiii Cj) Jq(di, dj) 0, Jq{Ci, dj) (5j j . 

Let be A^' 1 ^. Let gf, be the Lie algebra defined be the generators (|2.1|) 
and the defining relations obtained from the ones in (SR1-9) by replacing 
[E ±a *,E ±ai ] = [E± ao ,E ±at ] of (SR6-7) with 

Q ±1 [E± a *, E± ai ) = [E ±ao ,E ±a *]. 
Then there exists a unique homomorphism 7r|, : g^ — > M; + i(C 9 ) such that 

^vi^Qi) = ^vi^a*) = tE ii+ i, TC^E^a.) = E i+li: TT^(E_ a *) = t~ E i+ u 

(1 < i < I), 7ip(E ao ) = sE l+u , ir^(E a *) = stE l+n , ir^(E_ ao ) = s -1 ^ u+1 , 
7ip(E_ a *) = qs~H~ 1 Eu + i, ^(/iaJ = d\ and vr|,(/iA a ) = d 2 . We see that 
similar results to Theorems 12 . 1 1 and 15 . II also hold for g|> with 7r|,. Especially 
we have the following. 

Theorem 5.2. Let V be a QEBS with I > 2. Assume that V = . 
Let g' v be a Lie superalgebra satisfying the same conditions as the (Vll-4) in 
Theorem \5.1\ Then there exist aq G C\{0} and an epimorphism 77 : g|, — > q' v 
such that rj{h a ) = h a (a G £) and J' o (77 x 77) = J. 

Using jAABGPI Chap. I Theorem 1.29(d)], by Theorems O and EH we 
have the following. 
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Theorem 5.3. Let V = V(£,U,a,k, g) be a QEBS with I > 2. We as- 
sume that g(a) = or 2Z + 1 for every a G II. We also keep the notation 
in IAABGR Chap. I §1/. Let (£, ( , ),7~t) be an extended affine Lie alge- 
bra (EALA) in the sense of \AABGPi Chap. I Definition 1.33]. Assume 
that there exists an isometric monomorphism : £ — > 7i* such that the set 
(p(R(k,g)) coincides with the set of the non-isotropic roots of the L. Then 
there exists a homomorphism T : Q-p — ► £ suc h that Tih^) = t v ^ c \ (a G £) 
and J-(Qfj) = (n G R(k, g) ), where we let Qv '■= 0© for some q G C\ {0} 

ifV — Af ,l \ and, otherwise, we let g v := g v . (See \AABGF\ Chap. I (1.2) 
and (1.8)] for the symbols and t^y ) 

5.3 Universal central extension (UCE) 

We first recall the definition of the universal central extension (UCE for 
short) of a Lie superalgebra. See |IK| for more detail. Let a = ao © ai be a 
Lie superalgebra. Let D x (a) := [a, a]. We say that a is perfect if D 1 (a) = a. 
We say that a Lie superalgebra epimorphism P : u = u © Ui — > o is a central 
extension if [kerP, u] = {0} and kerP = (u fl kerP) © (ui fl kerP) (we do 
not assume kerP C u ). We say that a central extension V : u — » a is a 
UCE if u = D x (u) and if for any central extension W : b — > a, there exists a 
homomorphism M : u — > b such that W o M = V. Notice that if P : u — ► a 
is a central extension and if x, y G a are homogeneous elements, then there 
exists a unique z G u such that z G [P _1 ({x}), P _1 ({y})]; we denote the z 
by N(P,x,y). Notice that if x G cij and y G a i; then N(P,x,y) G u i+ j. 

The following lemma seems to be trivial, but we give it to use it in the 
proof of Theorem 15.41 

Lemma 5.1. Let a = ao © cii be a Lie superalgebra such that a = Der(o) © 
Cki®- ■ -©Cfc n; ki G a , [ki.kj] = 0, and D x (a) = (B x ^c n ^' x > where a' x = {X G 
D 1 (a) | [ki, X] = XiX} (here x = (xi, . . . ,x n )). Assume that a is presented by 
generators ki (1 < i < n) a p G D 1 (a) (p G P) with a p G for some 

x(p) = (x(p)i, . . . , x(p) n ) G C n and defining relations f t = (t G T) and 
[fcj,a p ] = x{p)idp, [ki.kj] = 0, where f t 's are assumed to be expressed only 
by the elements a p (p G P) and to be homogeneous with respect to the a p 's. 
Then D x (a) is also presented by the generators a p (p G P) and the defining 
relations ft — (t ET). 

Proof. Let c := Cki © ■ • • © Ck n . Let b be the Lie superalgebra gener- 
ated by the generators b p (p G P) and the defining relations g t — (t G T), 



22 



where g t is expressed by replacing a p of f t with b p . For x G C n , let b^ 
be the subspace of b spanned by the elements (adfe Pl ) • • • (a.db Pr _ 1 )b Pr with 
x{pi) + ■ • • + x{p T ) = x. Then b = Q) x ec n b x . We can define a Lie superalge- 
bra D = b © c by [6 + £ y^, 6' + £ y&] = [6, 6'] + (E Vi4W ~ (E 
where 6 G b^ and V G b x /. We see that there exists an isomorphism $ : — > a 
such that = ct p and = □ 

Now we give a UCE theorem. 

Theorem 5.4. Lei V be a QEBS with I > 2. Recall the q v from Theorem X51\ 
Let g : D 1 (gxj) a be a central extension. Then the g is a UCE. 

Proof. We first assume that Qx> = Qv- Let / : b — ► a be a central 
extension. For /i G B+, let 

:= iV(/, q(E„), and ^ := N(f, g(±h^), q(E ±(1 )). 

By Lemma 15.11 it suffices to show that these elements of the b satisfy the 
equalities in the (SR1-9). 

We first show the (SR4). Let \i G 13+ . Notice that 

{f(E'+,)} = {f([r\{Q(±lh^)})J-\{ 6 (E ±lx )})])} = ME+,)}. 
Hence we have 

(5.1) f(E'^) = g(E ± ,) and E' ±jJi G f~ 1 ({g(E± fl )}), 

which implies the (SR4), as desired. 

We show the (SR2-3). For \i G B+, by (jHHJ) and the (SR4), we have 

/(^v) = /(#_„)] = e (V),and,by (EH) , we have = [i^v^J. 
Hence, for //, z/ G £>+, we have 

and [/i^ v , /i^v] = [/i'^v, = 0, as desired. 

For /i G B+, let := — h'^v 

We show the (SR5-9). For (/i, u) G (B x B)' and y z £ C, by (SR3), we 
have 

= [y/^v + ^v, (ad^)**^] = J(y/i v + zz/ v , W + ^(ad^)^^, 
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which implies (a-dE 1 ^^^ E' u = 0. Hence we have the (SR5). Similarly we 
have (SR6-9). 

Finally we show the (SRI). For a G IT, let 



h' 



J(oi, a)c(a 



2k(a 



- — (c(a)/i( a » )v - h' a w). 



It suffices to show that h' aa = h' a j3 for all a, [3 G II. By (SR3-5), we see 
that for each \i G B, E'^ is locally nilpotent, so = ue' G Aut(b) can be 
defined in the same way as in (2.3). Let (a,/3,y) G A. By the (SR6-7), we 
have n a *E' ± p = n a E' ± ^ t . Hence n^h'^ = n a /iLw- Since n a *h'p y = b!^ — 
J(a*,/3 V ) = h'pv - c(a)J(a, (3 v )h'^ )V and nji',^y = h'^y - J(a, [3 v )ti a v , 
we have h' a a = h' a /3 , as desired. 

We see that the case where V = Al and Qx> = gf> with q ^ 1 can also 
be treated similarly. □ 

Keep the notation as above. Denote by 7T£> the homomorphism ir-p : 
Qv — ► S/ffiv ) in Lemma EOl if $j£> = 0©; and, otherwise, let 7Tx> denote the 
homomorphism 7rf, : — > M^ + i(C g ). Let : Ini7rx> — ► Im7fi>/7rD(C/ij©C/i a ) 
be the natural projective map. Define the epimorphism -rc-p : D 1 (gxj) — > 
(cu o 7fx>)(Der(gx>)) by — {w o ttd) |Der(gn) • By Theorem 15.41 we see that 
the 7Td is a UCE. In particular, we have the following. 

Corollary 5.2. (1) The it v is a UCE. 

(2) Keep the notation as in Theorem \5.& Then the •Twfflu) : D^flxO — * 
.Fp 1 ^)) a CAGE?. (Notice that the F{T> x {qt>)) zs t/ie core o/tfie E^L^l £ 
in the sense of \AABGP\ Chap. I Definition 2.20].) 

Proof. The statement (1) follows from the argument in the paragraph 
above the corollary. The statement (2) also follows from Theorem 15.41 □ 

By Corollary 15. 2[ we see the following. If g(a) = for all a G n and 
if the Cartan matrix A is Xj for some X = A, . . . , G, then Der(jj£>) is 
isomorphic to the (2- variable) toroidal Lie algebra in the sense of |MRY| . If 
the A = Aj , i.e., T> = A^\ then Der(g^) is isomorphic to the Steinberg 
Lie algebra st/ +i (C 9 ) (see |BGKj for the term and symbol). 
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6 Elliptic root base 



6.1 Weakening the condition of (SR5) 

Here we show that some of the (SR5) are not necessary. Let V = V(S, IT, a, k, g) 
be a QEBS with I > 2. Let (IT x IT)' := {(a,P) G IT x IT | a ^ /?}. Define a 
subset (n x n) s of (n x n)' by 

(n x n) tt : = {{a, (3) e (n x n)' | k(a) = k(p), J((«*) v , p) = -1} 

U{(a, /?) G (n x n)' I jfe(a) < fc(/3), J(/3 V , a) = -1}. 

For a subset # of (B x B)', let PM(Af) := {(^/i,^) I 0", ^) G <*\ £i, £2 G 
{1, -1}}. Define a subset (B x Bf of (B x B)' by 

(B x B)» 

:= {(/i, f) e (8 x B)' I J (/i, v) = 0} 

UPM(U W)6(nxn )»{(a, 0), (P, a), (a*, (/?, a*), (a, /?*)}) 
UPM(U Qen {(a, «*),(«*, «)})• 

Then we consider the following. 

(SR5') (adErfwEv = if (jjl, v) g (B x B)». 

Theorem 6.1. Lei V be a QEBS with I > 2. Lei g^, fre £/ie Lze superalgebra 
defined by the same generators as in \2.1\) with the same parities as in \2.2\) 
and by the defining relations (SR1-4), (SR5') ; (SR6-9). Define the homomor- 
phism 6 : gij, — > Qt> by Q(h a ) = h a (a G £) and Q(E^) — E^ (/i G B). Then 
G zs an isomorphism. 

Proof. Let (a,/3) G (n x Uf and let T := {a, a*, f3}. Let (g5,) (T) be the 
sub Lie superalgebra of g^ generated by the h a (a G S) and (/i G TU— T). 
Then we see that for each \x G T U — T, the .E^ is a locally nilpotent element 
of (q^Y t \ so ?2 m G Aut((g^)^) can be defined in the same way as in ([2.3)1 . 
By (SR6-7), we have £±0. = n~ l n a E±p* = n~ 1 n a *E±p G (gf?) (T ^ It follows 
from (SR5') and (SR6-7) that 

(6.1) [E ±a , [E± a *,E± p ]} = (8,dE ±a ) c ^ +1 E ± p* = if k(a) = k(j3). 
By (SR5'), we have 

(6.2) [E Ton E ± p*] = 0. 
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It follows from (JHUJ) and (SRl-4,5',8-9), that 



(6.3) 




Since the E± a * and E±p* are locally nilpotent in ( y g^ D Y T \ by ()6.2|) and (J6.3I) . 



we see that (&dE^) x ^E u = for (/i, v) G PM({((3*, a), (a*, (3*), (/?*, a*)}). 



We notice that there are also redundant equalities in (SR5'), which can 
be seen by the calculations in |Ya2t §2.3] and in Proof of Lemma 13.31 We 
also notice that the condition of the equality [E a * , E_p* ] = of |Ya2l (S4)] 
can be weakened to be the one that a, (3 G il af with I(a,j3) = 0, which can 
be seen the same calculations as in ()6.3I) . 

6.2 Relations for the elliptic root basis 

Let T> = T>(S,U,a,k,g) be a QEBS with I > 2. Here by extending the 
notion given in [S], we introduce an elliptic root basis of R(k,g) for the T>. 
Recall the 5 G Z + II from Subsec. 2.2. For a G II, let x a G Z + (a G II) 
be the coefficient of 5, i.e., 5 = ^ a6n a; a a. Let m a := ^fc^^ • Let 
m max := max{m a |a G 11} and II max := {a G H^mo, = m max }. For a subset S" 
of n, let S* := {a*\a G S}. Let T( J R, G) := IIUlF max (where R and G denote 
R(k,g) and Ca respectively). We call the r(i£, G) the elliptic root basis of 
i2(fc,0). For a subset S of n, let r^G; S) := G) n(SU 5*). Recall 
the Lie superalgebra gx> from Subsec. 2.1. 

Theorem 6.2. Let T> be a QEBS with I > 2. Let g^ fl,G ^ fre i/ie Lze superal- 
gebra defined by the generators 



with the same parities as and the following defining relations. 

(TSRi) (1 < z < 4,z = 5',6 < i < 9) The same relations as the ones 



This completes the proof. 



□ . 



(6.4) 



K (<7G E-n (ii G T(R, G)) 
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(TSR11) [E± a *, [E ±a , E ±p }} = and [[E ±a *, E ±f3 ], [E ±a , E ±f3 }} = 0, if 
T(R, G; {a, f3}) = {a, a\(3}, g{a) = and ^§ = 2 or 3, 

(TSR12) [( & dE ±f3 )- J ^^E ±a , (adE ±/3 .)~ J{(/3 * )V ' 7) ^±7] = 0, 
ifT(R,G;{a, [3, j}) = {a, (3, (3*,j}, 

where we assume the a, (3, 7 are distinct. Then there exists a unique isomor- 
phism E : — * 0^ such that E(h a ) = h a and = E^ (p G B Ti - R,G ^ ), 
where we set B T ^ := T(R, G) U -T{R, G). 

Proof. If the D is an SQEBS, then the theorem can be proved by the 
same argument as that for |Ya2t Theorem 4.1] (See also the last paragraph 
in Subsec. 6.1). 

Assume the T> not to be an SQEBS. Then, for each f3 G II \ Il max , there 
exists a unique ap G II \ {{3} such that J(j3,ap) 7^ 0, and we see that 
c*p £ n max and J(/3 V , dp) J(/3, a^) = 1 or 2. By Theorems 12.11 and 16. 1| 
we see that the homomorphism 5 in the statement exists. By the same 
argument as in the proof of Theorem 16.11 we see that for every (/1, v) G 
{{BxB)'n(B r ^ xB r ^)), the equality {adE ll ) x ^E u = holds in g^' G) . 
Hence the elements (fi G B r ( R,GS> ) of g^' '' are locally nilpotent, so we 
can define n M = ue G Aut(g^ fi,G ^) in the same way as in (j2.3J) . For each 

(3 G II \ n max , let := n~^n a * E±p G ' , where we notice that the 

£4-/3* are also locally nilpotent and that the equalities n a/3 E±p* = n a * fj E±p are 
the same as the ones in (SR6-7). Then we see that the H is surjective since 
'B(Efj) = E^ for all /z G £>. To show that the H is injective, it suffices to show 
that the elements h a (cr G S), E^ (jj, G B) of g^ R ' G ^ satisfy the equalities in 
(SRl-4,5',6-9). As mentioned above, the equalities in (SR6-7) are satisfied. 
We only need to check that the equalities in (SR5') are satisfied. This can 
be shown as follows. (See Subsec. 3.2 for the notation ~.) 

(1) Assume that S = {a,f3} Cll with J((a*) v , (3) = -1 and T(R, G; S) = 
{a, a*, (3}. Notice that ap = a. Then we have 

[E Ta , E ±p *) ~ n~ 1 [E± a ,n a *E±p) 

~ n~ l [E ±a , [E ±a *,E ± p]} = (by (TSR10-11)), 
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and 



[E±p, E±p*] 

~ n~ a l [^dE ±a ) c ^E ± ^ [E ±a *,E ±/3 ]} 

= rr a l {^E ±a ) c ^- l {[[E ±ai E ±l3 ], [E ±a *,E ± p]}) (by (TSR10-11)) 

f (by (TSR11)) if c(a) = 1, 

~ \ n-^E^n^E^, [E ±a .,E ±p ]]] = (by (TSR10)) if c(a) = 2, 

Since the E±^'s (/jl G 5 U 5**) are locally nilpotent, they also satisfy the 
equalities in (SR5') other than the above ones. 

(2) Assume that S = {a, (3} C II with J(/3 v ,ct) = -1, J(a v ,/3) = -2, 
c(a) = 1 and T(i?, G; S) = {a, a*, (3}. Notice that ap = a and 2k(a) = k(0). 
Then, by (TSR8-9), we have 

[E Ta , E±/3*} ~ n~ 1 [E± a , [E± a *, [E± a *,E±p]]] = 0, 

and 



[E±f,,E±p*] ~ n- x [(adE± a ) 2 E±f,, ( a dE ±a ,) 2 E ±p ] 
= n~\ a dE ±a *) 2 [( a dE ±a ) 2 E ±( i,E ±(3 ] 
= n-\8idE ±a ,) 2 [[E ±a ,E ±l3 l [E ±a ,E ± p\] = 0. 

Then we can use the same argument as in (1). 

(3) Assume that S = {a,/3,7} C IT with J(a v ,f3) < 0, J(7 v ,/3) < 0, 
J(a v , 7) = 0, and assume that T(R, G; S) = {a, /?, /?*, 7} or {a, a*, (3, (3*, 7}. 
Then we can use the same argument as in |Ya21 (2)-(3) of Proof of Proposi- 
tion 4.2]. □ 



Appendix 

As mentioned in the text, especially in Theorem II. 1[ K. Saito [Sj (see also 
|SYj ) introduced the notion of the ERS, and showed that every RMERS 
is realized as the R(k, 0) for some SEBS T>(£, II, a, k, 0). However, there 
exists a reduced ERS which is not realized as an RMERS. As mentioned 
in Introduction, the authors of |AABGP] introduced the notion of extended 
affine root systems (EARS for short), which is different from the reduced 
SEARS's introduced in It is known (see jX]) that there exists a natural 
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one-to-one correspondence between the reduced SEARS 's and the EARS's. 
Here we also use the terminology and notation in [AABGP, Construction 2.32 
and Theorem 2.37]. By Theorems II .21 and 12 . 21 we see that if an EARS has the 
nullity equal to two and the rank equal to or more than 2, the corresponding 
reduced ERS is realized as R(k, g) for some QEBS T> = T>(£, II, a, k, g) with 
g(a) = or 2Z + 1 (a G n). Let V be a QEBS with I > 2 such that the 
name of A{= An) is D^. Notice that there exist £j G S (1 < i < I) such 
that J(si, £j) = 5ij, a = 8 — Si, cti = Si — e i+ i (2 < i < I — 1) and ol\ = E\. 
Then the corresponding EARS is R(X, S, L, E) is such that 

x = f Bi if g(a ) = g(a t ) = 
1 BCi otherwise, 

and S = ((2Z + 1)5 + Zk(a )a) U (2Z5 + Zk(ai)a)), L = 2Z5 + Zk(ai)a (2 < 
i < l-l) andE = ((4Z + 2)5 + g(a )a) U (AZ5 + g(au)a)). Here if g(a ) = 0, 
then (4Z + 2)5 + p(a )a) = 0; if g(at) = 0, then (4Z + 2)5 + p(ai)a) = 0. 
(Strictly speaking, in jAABC^Pj . 5, L, 0) is denoted as R(X, S,L)). 
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